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Abstract

A new formalism is presented to derive knowledge about the composition of two binary topological
relations over acommon object. The formalism is based on atopologica data model and compares
the nine empty and non-empty intersections of interiors, boundaries, and exteriors between two ob-
jects. Based upon the transitivity of set inclusion, the intersections of the compaosed topological
relations are derived. These intersections are then matched with the intersections of the eight fun-
damental topological relations, giving an interpretation to the composition of topological relations.
Theresult of thisstudy isthe composition table of the eight binary topological relations that exist be-
tween n-dimensional point sets with a codimension of 0. While the combined topological relations
are unique for some compositions, more than half of all possible compositions are disjunctions of
possiblerelations. Geometric prototypes are shown for the 2-dimensional case. The composition ta-
ble enablestopological reasoning at the conceptual level of relations, rather than having to calculate
al relationsfrom the representation of the spatial objects. Its practical valueisthat it can serve asin
a computational model for an assessment of whether a set of topological predicatesis consistent or
not and in spatial query processing when no explicit information about spatial relationsis available.

1 Introduction

Spatial reasoning has gained increasing popul arity in recent years with applicationsin geographic in-
formation systems, navigation, robotics, computer vision, image understanding, pictorial databases,
and CAD/CAM. The major factor contributing to the interest in spatial reasoning isthat it offersits
users new spatial information, which has not been explicitly recorded and which is otherwise not
immediately available in the form of raw data. This paper focuses on topological relations, i.e.,
those spatial relationsthat areinvariant under topological transformations and, therefore, preserved
if the objects are tranglated, rotated, or scaled. Traditionally, reasoning about spatial relations has
focused on formalisms to combine knowledge about directions, such as l€ft, right, in front of, and
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behind (6) or, in geographic applications, north, east, south, and west (7, 8, 16, 18, 26, 31). Fre-
quently, the relations between 1-dimensional intervals (3) have been used as a basis for extensions
to higher dimensions (17, 19, 21, 29, 33) and sometimes, topological properties have been inferred
from non-topological concepts, e.g., from metric (32) or order (5, 27); however, such an approach
disregardsthefact that topological propertiesare most fundamental, compared to those of Euclidean,
metric, and vector spaces, so that topol ogical reasoning should be independent of these concepts (4).
Sincetopology isapurely qualitative concept, independent of any quantitative measures, it has been
difficult to find appropriate formal models for topological relations and methods to combine topo-
logical knowledge and reason about them (20). Unlike any pictorial representation of topological
relations, which inevitably combinestopol ogical information with such non-topol ogical information
asrelative distances, directions, sizes, orientations, and shapes of the objects, a propositional repre-
sentation of topological relations allows for an exclusive focus on topological properties (24, 36).

Thiswork is a continuation of our efforts to formalize spatial relations as they are used in geo-
graphic information systems (1, 28). Previous results included a framework for analyzing topol ogi-
cal relations (13, 12) and acategorization of all binary topological relationsbetween all combinations
of points, lines, and regions (14). This paper develops a hew formalism to integrate topological
information and infer knowledge about the composition of binary topological relations to answer
questions of the type, “ Given three objects, A, B, and C' and the two topological relations A r; B
and B r; C', what is the topological relation A r; C'?” With our method, the complete set of rela-
tions from the compositions of two binary topological relations for 2-dimensional objectsin IR? has
been determined. This can be compared to the analogous composition of similar relations between
1-dimensional intervals, which was called the transitivity table (3).

The composition of topological relations is an essential part of a relation algebra (29, 37) for
spatial relations. Spatial databases will benefit from the composition table of topological relations
if it is applied during data acquisition to integrate independently collected topological information
and to derive new topological knowledge; to detect consistency violations among spatial data about
some otherwise non-evident topologi cal facts (15); or during query processing, when spatial queries
with complex topological constraints can be substituted by simpler operations, which are either less
expensive to be executed or involve less abjects.

Theremainder of this paper is structured asfollows. Section 2 summarizes our model for binary
topological relations based upon the nine intersections of interiors, boundaries, and exteriors. In
Section 3 the composition of two binary topological relationsis derived from the transitive property
of subsets applied to the 9-intersection representation for interior, boundary, and exterior intersec-
tions. Two examples of this inference process are given in Section 4 and the set of all possible
compositions of the eight topological relations between two 2-dimensional point sets is shown in
Section 5. Section 6 presents the conclusions and discusses the application of this method.

2 Topological Relations

Theusual concepts of point-set topology with open and closed sets are assumed (2, 35). Theinterior
of aset A, denoted by A°, isthe union of all open setsin A. The closureof A, denoted by A, isthe
intersection of all closed sets of A. The complement of A with respect to the embedding space IR?
(or the exterior, denoted by A~ isthe set of all points of IR? not contained in A. The boundary of
A, denoted by 0 A, is the intersection of the closure of A and the closure of the exterior of A. JA,
A°,and A~ aremutually exclusiveand 94 U A° U A~ isIR?.

Subsequently, interior,boundary, and exterior will be sometimes referred to as the three object
parts. The topological relation r,, between two point sets, A and B, is described by the nine set
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intersections I of A’s interior, boundary, and exterior with the interior, boundary, and exterior of
B, called the 9-intersection (14). Indices like I, and I,, will be used whenever it is necessary to
distinguish between different 9-intersections.

A°NB° A°NdB A°N B~
I=)] 0ANB° 0ANOB 0ANB~
ATNB° ATNJOB A NB~

Letthe partsa and b bearbitrary elementsof { A°, 0A, A~ }and { B°, 0B, B~ }, respectively. An
index, like a; and b;, will indicate corresponding elements of the two sets A and B, i.e., either both
interiors, both boundaries, or both exteriors. The notion I[a;, b;] will be used to refer to a particular
intersection. For instance, I]0,° ] would describe the boundary-interior intersection, 0 A N B°.

The 9-intersection is an extended representation of the initially proposed 4-intersection con-
sisting of the four set intersections of interiors and boundaries (9, 13). It is superior over the 4-
intersection, because it also considers—besides the relationships among the object parts—their re-
lationships with respect to the embedding space. This extension is necessary to determine whether
or not an intersection is completely included in an object part (14).

Varioustopological invariants can be used to evaluate 1 and characterize the topological relation
A r, B. Most fundamental is the distinction of the values empty () and non-empty (), which
gives rise to 2° possible combinations (12, 13). They provide a complete coverage and are mu-
tually exclusive, so that for every possible configuration between two objects, always exactly one
empty/non-empty 9-intersection exists. Previousinvestigationsfound that only asmall subset of the
512 possiblerelations can beredlized. In IR?, there are 8 relations between two spatial regions with-
out holes (2-dimensional, connected objects with connected boundaries) (12); 18 between spatial
regions with holes; 33 between two simple lines; and 19 between a spatial region without holes and
asimpleline (14). Fig. 1 shows the eight specifications of the binary topological relations that can
be realized between two spatial regions without holes and prototypes of the geometric interpreta-
tions of the corresponding relations. These eight rel ations between two spatial regionswithout holes
will be the exclusive focus in the examples of this paper; however, the concepts developed will be
applicable to any other pair of topological relations modeled by the 9-intersection.

Combinatorial topology (30) shiftsthe focusfrom theinfinite point set, which cannot be directly
represented in acomputer, to thefinite set of points, lines, and areas. The topologica concepts apply
directly and can be formalized as an algebra over chains, either for simplicial complexes (11, 39) or
cells (22). The concept of the intersections between interiors and boundaries has been mapped from
point sets onto such a spatial data models using algebraic topology (9) including algorithms for the
efficient calculation of interiors, boundaries, and their intersectionsfor objects represented by such a
topological data structure (14). A variation of the 9-intersection has been successfully implemented
in the commercial geographic information system MGE/Dynamo (23).

3 Composition of Topological Relations

Two binary topological relations can be combined if both relations share a common object. This
problem is somehow similar to determining whether or not a relation is transitive and sometimes
even referred to as the transitiverelation (3); however, unlike a transitive relation, which combines
the same two relations, the composition of relations links two potentially different relations (29).
We use the operator ; to denote the composition (37). For example, A inside B and B inside C =
Ainside C' will be simply expressed asinside ; inside = inside.
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Figure 1. Examples of the relations between two spatial regions without holesin IR?.

3.1 Set Inclusion and Containment of the 9-Inter section

Given that the topological relations are represented by the 9-intersection, their composition can
be determined by deriving the 9-intersection of the combined topological relation. Since spatial
knowledge about topological relationsis encoded into set intersections, standard transitive inference
rules about point sets can be applied. Every object has exactly three parts (interior, boundary, and
exterior), which can be in a particular relationship to the parts of another object, and vice-versa.
Together, there are eight relevant combinations that derive knowledge about the combined relation.
They are statements of implications that can be proven to be theorems of set theory:

Theorem 1 A non-empty intersection between two parts A and B implies a non-empty intersection
between the parts A and C' if B isa subset of C, i.e,,

ANB=-0 AN BCC = AnC=-0 (1)
Proof: Let 2 beanon-empty element suchthat = € Aandz € B. Since B C (', 2 € (' aswell.
Thus, z € (A N C) and, therefore, A N C' = =(. O
Coroallary 2

ADB A BNnC==) = AnC =40 2

Proof: By replacing A and ' in (1) with ' and A, respectively, and reordering the terms on the
left-hand side. O
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Theorem 3 Anempty intersection between the parts A and B implies an empty i nter section between
the parts A and C' if C isa subset of B, i.e,,

ANB=0 AN BDOC = ANC=90 (3)
Proof: Let z € C. SinceB 2 ',z € B aswell. Ontheother hand, shce AN B =0,z € B
impliesz ¢ A. Therefore, » € C'impliesz ¢ A,or C' N A = . O
Corallary 4

ACB A BNnC=0 = AnC =90 (4)

Proof: By replacing A and ' in (4) with ' and A, respectively, and reordering the terms on the
left-hand side. O

Corallary 5 A non-empty intersection between the parts A and B implies a non-empty intersection
with the union of the two parts Cp and C'1 if B isa subset of the union of Co and (', i.e.,

ANB==0 A BC(CoUC1) = AN(CoUCy) =-0 ©)
Proof: Immediately from Theorem 1, substituting C' with (Cp U C'1). |
Corollary 6

(ApUA) DB A BNC==0 = (AUud)NnC=-0 (6)

Proof: By replacing A, Co, and C'1 in (5) with C', Ag, and A1, respectively, and reordering the terms
on the left-hand side. O

Corollary 7 An empty intersection between A and the union of Bg and B1 implies an empty inter-
section between A and €' if the C' is a subset of the union of Bg and B1, i.e,,

AN(BoUB)=0 A (BoUB)DC = AnC=0 @)
Proof: Immediately from theorem 3, substituting B with (Bo U B1). |
Corollary 8

AC(BoUBY) A (BoUuB)NC=0 = AnC=90 (8)

Proof: By replacing A and ' in (7) with ' and A, respectively, and reordering the terms on the
left-hand side. O

This set of eight rulesis sufficiently complete to describe the dependencies of the intersections.
Further considerations about the union of three parts are unnecessary since these cases are trivial.
For instance, the derived intersections of non-empty intersections over the union of three parts are
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impossible since every part must be included in the universe. On the other hand, the following
constraint must hold true for every non-empty intersection, because it is impossible that all three
intersections with another part are empty:

ANB==0 AN BC(CouC1UC2) = AN(CoUCLUCY) ==0 9)

The eight intersections are not orthogonal since Egs. (1-4) are included in Egs. (5-8), respec-
tively, if A isasubset of Bg or B;. Thisredundancy is eliminated if Egs. (5-8) are modified so that
they exclude the configurations covered by Egs. (1-4). Let T be the relationship between aset A
and the union of the sets B and C' suchthat A C (BUC)and AN B == and AN C = =0 (the
relationship J can be defined correspondingly).

ANB==) AN BC(CoUCy) = ANn(CouCqi)=-0 (10)
(AUA)) I B A BNnC==) = (AgUA)NC==0 (11)
AN(BoUBY)=0 A (BoUB)JC = AnC=0 (12)
AC (BoUB1) A (BoUuB)NC=0 = AnC=0 (13)

3.2 Transforming Subsetsinto the 9-Inter section

The eight rules Egs. (1-4) and (10-13) can be applied to drive the 9-intersection of the combined
topological relationif A C B, AD B, AL (BoU B1), (Ao U A1) I B, An(BoU By) = -, and
AN (BoU B1) = 0 can be represented in terms of the 9-intersection (AN B =0 and AN B == are
aready in this canonical representation). The following transformations apply: Let a; 7 a; 7 ay,
by Z by, Z by, and e, ¢, 7 ¢4

a; isasubset of b; if and only if Ia;, b;] is non-empty, while the two intersections between «;
and the other two parts b,,, and b,, are empty (Eg. 14). This mapping of the subset relation onto
the 9-intersection is obvious, because the non-empty intersection between a; and b; isimmediately
derived from the subset relation between non-empty sets. Since the three parts of B are pairwise
digoint, a non-empty intersection a; N b, or a; N b, would imply that there are some parts of «;
outside of b;, which would contradict the subset relation (recall that I[a.., b,] denotesan intersection
of the interiors, boundaries, and exteriors of the two objects A and B).

I[a;, bl ==0 A I[a;,bn] =0 A I[ag,b,] =10 (14)
Conversely, a; isasuperset of b; if and only if

Ifa;,bil = =0 A I[aj,bi] =0 A I[ap,b] =10 (15)
a; C (byUb,y,) if theintersections I[a;, b;] and I]a;, b,,] are non-empty, while the third intersec-
tion between «; and b,, is empty (Eq. 16). By the definition of C, a; N &; = =0 and a; N b,,, = 0.
Since b,, isdisjoint from both b; and b,,,, itsintersection with a; must be empty, otherwise a; would

have some parts outside of &; U b,,,, which would contradict the subset relation.
Iag;, bl ==0 A Ifa;,by] =-0 A I[a;,b,] =0 (16)

Conversely, (a; U a]‘) 3 by if

Ifa;, b1 ==0 A I[a;,b]=-0 A Ifag,b]=0 (17)
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Theintersection of a; with b; U b,,, isnon-empty if at least one of the two intersections I[a;, b;]

and [[a;, b,,] is non-empty (Eg. 18).

~(Ia;,bi] =0 A I[a;,by] =0) (18)

Complementarily, a; N (b; U b,,) isempty if and only if

Iai, b =0 A I[a;,b,,] =0 (19)

3.3 Inference Rulesfor the 9-Intersection

The eight inference rules about the intersections of the combined topological relations are derived
by using Egs. (14-19) in (1-4) and (10-13).

(Eg.14) in(Eq. 1) :

(Eg. 15) in(EQ. 2) :

(Eg. 15) in(EQ. 3) :

(Eg. 14) in (EQ. 4) :

(Eq. 16) and (Eg. 18) in (Eg. 10) :

(Eqg. 17) and (Eq. 18) in (Eg. 11) :

(Eqg. 19) and (Eg. 17) in (EQ. 12) :

(Eq. 16) and (Eg. 19) in (Eq. 13) :

L[a;, b] = -0
A Iy[bla co] = 0 A Iy[blv Cp] =0 A Iy[blv Cq] =0
= Iz[aiv Cq] = _'® (20)

Llai, bl ==0 A Ifa;,b]1=0 A I[ag,b]=0
A Iy[bl,co] ==

= Lla;,c] =0 (21)
La;,b;] =0

A Lb,e] ==0 A Lbn,c] =0 A I[b,,c.] =0
= Llai,c)] =10 (22)
Lla;,b] ==0 A Llai, bl =0 A I[a;,b0,] =0

A Lby,e,] =0

= Llai,c)] =10 (23)

L.[a;, b] = -0

A Lb,e] ==0 A Lb,c,] =0 AN I[by,cq] =0
= (Lfai,c] =0 A I[a;,cg] =0) (24)
Lla;, bl ==0 A Lla;j,b] =-0 A IL[ag,b]=0

A Ly, e,] =0

= (L[a;,c.] =0 A ILlaj,c] =0) (25)
Lla;,b] =0 A I]a;,b,] =0

A Lb,e] ==0 A I[by,c] ==0 A I,[by,c.] =0
= Llai,c)] =10 (26)
Lla;,b] ==0 A Llai, bl =0 A I[a;,b,] =0

A Lb,e] =0 AN Ib,,c.] =0

= Lla;,c]=0 (27)

3.4 Integrating Inferred Intersections

The intersections of the combined topological relations are described by the combination of the
results of Egs. (23-27). The following must be considered when these intersections are integrated:
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e Some intersections may be multiply derived, because the inference rules, Egs. (23-27), deter-
mine each individual intersection over several paths; therefore, only those combined topologi-
cal relations are valid which match with at least one of the eight intersections. A contradiction
among two or more redundantly derived values exists if § and —( would be derived as the
values of an intersection. Thiswould indicate that the combined topological relation does not

exist.

e The union of al compositions may be insufficient to identify a unique combined relation.
In such ambiguous cases, the result is a set of possible relations which comprises all those
relations whose intersections do not contradict the derived values. Since the set of topological
relationsisfinite, the result can be also transformed such that it describes the complement, i.e.,

the set of impossiblerelations.

4 Examples

This section will give two examples of determining the composition of two topological relations
for two specific cases. The first derives a unique topological relation and is to focus the reader’s
attention on the process of deriving and combining intersections. The second example primarily
demonstrates how imprecise information is derived.

41 Meet:; contains

The intersections of the composition of the topological relations meet and contains are determined
asfollows (their 9-intersections are taken from Fig. 1 such that meet corresponds to /; and contains

to Is):

1[0,0], 160, ]in (Eq. 20) :

N[0,7 ], 15[, ] in(Eq. 20) :

Il[ov_ ]715[_7*] in (Eq 20) :

L[, 0], I5[9, ] in (Eq. 20) :

Il[_v_ ]715[_7*] in (Eq 20) :

NL[.°],1s[°, 0] in (Eq. 21) :

I[o,0]=-0

A Is[0,0]1=0 A I5[0,°]1=0 A Is[0,”]=-0
= 11;5[87_]:_@

nlo,"1=-0

A Is[7,0]1=0 A Is[~.°]1=0 A Is[~,7]1=-0
= 11;5[87_]:_@

L[, 1=-0

A Is[7,0]1=0 A Is[.°]1=0 A Is[~,"]1=-0
= Is[°,7]=-0

nL[=,01=-0

A Is[0,0]1=0 A I5[0,°]1=0 A Is[0,”]=-0
= Iis[7,7]=-0

L[~,"1=-0

A Is[7,0]1=0 A Is[~.°]1=0 A Is[~,7]1=-0
= Iys[7,7]1=-0

Il[é?,°]:(2) A I]_[o,o =0 A L[, ]:_'Q)

A Ig[®, 0] = -0

= Il;5[_78]:_‘®

(28)

(29)

(30)

(31)

(32)

(33)
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11[770]7[5[0701 in (Eq 21) :

Il[*70]7[5[07_ ] in (Eq 21) :

N[°.],1s[", d]in (Eq. 23) :

Il[ov *]715[_701 in (Eq 23) :

N[0.,°], 15[, 0] in (Eq. 22) :

nL[*°], 15[, d] in (Eq. 22) :

N[0.°],1s[-.° ] in (Eq. 22) :

11[070]7]5[*70] in (Eq 22) :

N[, d],15[0,” ] in(Eq. 25) :

h[o, ], 15[, 9] in (Eq. 27) :

h[o, ], 1s[ -, 8] in (Eq. 27) :

n[oe°1=0 A L[°°1=0 A L[7,°]1=-0
A I5[°°] =0

= Iys[7,°]1=-0

n[o°1=0 A L[°°1=0 A L[7,°]1=-0
A I5[°7]=-0

= Iys[7, 7] =0

nre,ol=0 A L[°°1=0 A L[°,71=-0

A Is[7,0]1=0

= I15[°,0]1=0

Il[°,8]:(2) A Il[o,o]:Q) A Il[o,_]:_'q)

AN Is[7°]=0

= Is[°,°]=0

n[o°1=0

A I5[0,01=0 A I[°,0]=-0 A Is[~,0]=10
= I1;5[0,0] =10

L[°C1=0

A Is[0,0]1=0 A I[°,0]=-0 A Is[~,0]=10
= 11;5[078]:@

n[o°1=0

A Is[0°]1=0 A I[°°]=-0 A I5[~.°]=0
= I1;5[0,°1=0

nLree1=90

A 15[870]:® A 15[070]:_'® A 15[_70]:®

= Iys[°°]=0

11[8,8]:#2) A Il[°,8]:(2) A Il[_,é?]:—‘(b

A Is[0,”]=-0
= (1s[0,71=0 A Iys[~,7]=0])

11[8,8]:#2) A Il[é?,"]:(Z) A Il[é?,_]:—‘(b

A 15[8,8]:® A 15[_,8]:®
= 11;5[8,8120)

11[8,8]:#2) A Il[é?,"]:(Z) A Il[é?,_]:—‘(b

A 15[8701 :® A 15[_701 :®
= I5[0.°]1=10

(34)

(35

(36)

(37)

(38)

(39)

(40)

(41)

(42)

43

(44)

The calculation of /1:5[a, ¢] yields redundant specifications. For instance, I1.5[~,~ ] is deter-
mined three times. These redundancies are easily eliminated since they do not result in contradict-
ing values for the intersections. The compilation of Eqgs. (28-44) shows that all nine intersections

I1:5[a, ] are determined (Eq. 45).
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o 0 -0
Lis=| 0 0 =0 (45)
-0 -0 -0

Thenineintersections are the same asthe ones of 1, therefore, the combined topological relation
is

meet ; contains = digjoint

4.2 Meet ; coveredBy

The intersections of the composition of the topological relation meet and coveredBYy are determined
as follows (meet corresponds to 11 and coveredBY to 1,):

Il[_70]7]4[07*] in (Eq 20) : Il[_v ] = _'®
A I4[ova]:® A 14[0701 :_'® A 14[07_ :®

= Ipa~.°1=-0 (46)
L[°), 14[°,°]in(Eq.2) - I[0,°]=0 A L[°°]=0 A L[,°]=-0

A Ig[°°] =0

= Iya[”,°]1 =70 (47)

L[, 01,1400, 1in(Eq.24) 1 Ii[7,0] = -0
A 14[0,0]1==0 A 1J0.°]=-0 A 1]0,7]1=0

= (Ipa[~,01=0 A I1a[7,°]1=0) (48)
N[, 0], 14[0,0]in(Eq. 25) :  I4[0,8]= -0 A L[°,0]=0 A Ii[~,0]=-0

A 140, 0] = =0

= —|(Il;4[8,8] =0 A 11;4[_,8] = @) (49)
N[, 0],140,°]1in(Eq. 25) .  11[0,0]1==0 A L[°,01=0 A I[~,9]=-0

A 14]0,°] =0

= (I14[0,°1=0 A Ipa[7,°]=0) (50)

N[, 0], 140,7 1in(Eq. 25) :  [1][0,0] =0
A L[0.0] =0 A L[0°]1=-0 A L[0,"]=0
= ([14[0,01=0 A I1.4[0,°]1 =0) (5D
The intersections /1.4[, ] are compiled as the conjunction of positive and negative constraints

for possible and impossible intersections. The summary of intersections, Egs. (46-51), shows the
following properties:

e [7.°] is overdetermined, because Eq. (46) and Eq. (47) derive the same value for the same
intersection.

e Eq. (48) iscovered by Eq. (46), because [*.°] = -0 A ("] =0A[",0]=0) =
[7,°] = =0. Likewise, Eq. (46) covers Eq. (50).

e [0,0],[0.,°],[, 0] are partially determined (Egs. 49 and 51).
o [0,7].[7.71.1°,2],[°.°], [°,~ ] are undetermined.
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Therefore, Egs. (46-51) can be represented by a sequence of disjunctions of 9-intersectionswith
multiple undefined () specifications (Eg. 52).

Ba=| | Ao 0 | Aa|00 (52)
-0 - /. o

The comparison with the eight intersections that can be realized in IR? (Fig. 1) reveals that I,
violatestheconditionin Eq. (51), 1> and g violate Egs. (46), (49), and (51), and /5 violates Egs. (46—
51). Only 14, 13, 14, and I7 fulfill Egs. (46-51); therefore, the combined topological relationis

meet ; coveredBy = meet;inside Vv coveredBy Vv overlap

5 All 64 Compositions of Binary Topological Relations between Spa-
tial Regionswithout Holes

The 64 combined binary topological relations between spatial regions without holes (Table 1) were

derived with a Prolog-like inference engine (10). Each intersection for the eight relations was ex-

pressed as a fact, while the combinations, Eqgs. (20-27), trandated into the rules deriving the inter-

sections of the combined relations. Finally, aset of rules matched theintersections with therelations.
The analysis of the table reveals the following:

¢ All compositions of topological relations are valid, because none of the 64 compositions pro-
duces a contradicting intersection and all derived intersections match with at least one of the
eight topological relations.

e equal isthe identity relation, because the composition of any relation with equal resultsin the
original relation.

e Besidesthetrivial compositions with equal, only twelve compositions are unique.

e Only the outcome of three compositions—(1) digjoint ; digoint, (2) inside ; contains, and
(3) overlap ; overlap—is fully undetermined, i.e., the combination of the constraints is such
that none of the eight relations is excluded.

e Threerelations are transitive—equal, inside, and contains—while for the other relations, the
composition of the same relations may result in a different relation.

e Only two pairs of compositions are commutative: (1) coveredBY ; inside = inside ; coveredBy
and (2) covers; contains = contains ; covers.

Fig. 2 shows geometric examples for the derived relations. All combined topological relations
could be realized among three 2-dimensional objectsin IR?.

6 Conclusions

A formalism was presented that derives the composition of two binary topological relations. It is
based upon fundamental transitivity laws of point-sets and uses the 9-intersection representation,
which is derived from the interiors, boundaries, and exteriors of the two target objects. The method
enables qualitative spatial reasoning at a conceptually higher level than implementation-dependent
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data structures. For example, if two topological relations that connect a common object are known,
or have been derived, then the direct relation may be inferred, even if no observations are available
or only insufficient information exists to calculateit. The proposed methodology has the advantage
over models of spatial relations based upon directions and distances (32, 38), because it uses only
topological principles and, therefore, it can be implemented on a computer without struggling with
the usual problems of the finiteness of the computer number systems. Likewise, the formalism
is orientation-independent and, therefore, more general than a reasoning mechanism about spatial
objects segmented into orthogonal symbolic projections (25, 27).

Now that the composition table for region-relations has been exhaustively determined, this
knowledge can be used in spatial reasoning (34) and spatial query processing (15). For example,
inconsistenciesthat are difficult to detect in complex topological queries, may be found prior to pro-
cessing aquery against aspatial database. Likewise, redundant constraints that are implied through
a combination of other constraints may be eliminated before testing them against the database.

Future investigations will focus on the application of this formalisms to the relations between
objects of different dimensions (e.g., between a region and a line), to objects with a codimension
greater than 0 (e.g., two lines embedded in IR?), and to objects with separated boundaries , such as
regions with holes. Thiswill contribute to a comprehensive topological reasoning system.
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Table 1. The 64 compositions of the binary topological relations A r; B and B r; C' (d = digoint,

m = meet, e= equal, i = inside, cB = coveredBY, ct = contains, cv = covers, and o = overlap).
disjoint | meet equal inside coveredBy | contains | covers overlap
(B.C) (B.C) B.C) [ (B,C |(B.C (B.C) (B.C) (B.C)
digoint dvmy | dvmyv | d dvmy | dvmviv |d d dvmy
(A, B) eviv|iveByv iveByv | cBvo ivVcByv
cB vc|o 0] o]
VvV o
meet dvmy dvmyv | m iveBy ImviveB | d dvm dvmy
(A, B) ctvevyv  evceBYvY o] Vo ivVceByv
0 cVVo 0
equal d m e i cB ct cv 0
(A, B)
inside d d [ [ [ dvmyv dvmyv | dvmy
(A, B) eviv|iveBv |ivceBy
cB vc|o o]
Vevvo
coveredBy | d dvm cB [ i vcB dvmy | dvmy|dvmy
(A, B) ctvevy |eveBvV | iveBY
0 cVVo 0
contains dvmy |ctvevyv | ct eviv|icvevvo|ct ct ctvevv
(A, B) ctvevv | o cB v ct o]
0 Vevvo
covers dvmy mvctv | cv iveBv |ev cB Vv | ct ctvcev ctvevv
(A, B) ctvevv fcvvo o] cvVVo o]
0
overlap dvmy | dvmyv]|o iveBv |iveBvo [dvmy [dvmy |dvmy
(A, B) ctvevyv [ ctvevy o] ctvevy |ctvevy |eVvViv
o] o] 0] 0] cB v ct
Vevvo
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Figure 2. Geometric interpretations of the 64 compositions of binary topological relationships.



