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" Abstract

A new theory of binary topological relationships between n-dimensional spatial objects
‘. is presented. Unlike previous approaches, it provides a complete coverage,
- possible canstellation between two spatial objects can be described by exactly one
.of the refationships defined, The formalism is based upen fundamental concepts of
.- -algebraic topology and set theory. Spatial regions are modeled as point-sets and
- the binary topological relationships are then defined in terms of the intersections of
: the boundaries and interiors of two point-sets. Sixteen potential relationships are
+ identified by considering empty and non-empty intersections. Prototypes are shown
- for the eight relationships that actually exist between two point-sets embedded in
a:two-dimensional space. More detailed relationships as refinements of these eight
. relationships are identified by considering other criteria, such as the number of the
individual segments of the four intersections or their dimensions.

i.e., any

1 Introduction

Queries in spatial databases, such as Geographical Information Systems (GIS}, image
data bases, or CAD/CAM systems, are often based on the relationships among spatial
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objects. For example, in geographical applications typical spatial queries are “Retrieve
all cities within 5 miles of the interstate highway 1-95” or “Find all highways in the
states adjacent to Maine” Current commercial database query languages do not suf-
ficiently support such queries, because these languages provide only tools to compare
equality or order of simple data types, such as integers or strings. The incorpora-
tion of spatial relationships over spatial domains into the syntax of a spatial query
language is an essential extension beyond the power of traditional query languages,
such as SQL [Roussopoulos 1988] {Egenhofer 1988]. Some experimental spatial query
languages support queries with spatial relationships; however, the diversity, semantics,
completeness, and terminclogy of these relationships vary dramatically.

Besides the formulation of queries with spatial conditions, their processing is also
of importance, Spatial queries can be easily solved if all spatial relationships between
the objects of interest are explicitly stored; however, such a scenario is unrealistic, even
for relatively small data collections [Davis 1986]. Impediments are the vast amount of
storage space to keep the large variety of spatial relationships between any two objects
and the complexity of maintaining such a setting with every update of the geometry of
an object. Instead, it is necessary to derive the spatial relationships from their geometry
o spatial location. Such a concept needs, of course, a thorough understanding of what
possible spatial relationships are and how they can be determined.

To help clarify the users' diverse understandings about the semantics of spatial
relations and enable the processing of spatial queries it is propesed to formally describe
the relationships. Users can then examine whether a specific implementation concurs
with their expectations and system designers and engineers have formal guidslines for
their implementations,

Helpful for such an approach are the linguists’ observations about natural language
terms for the description of spatial relationships. The use of spatial relationships (in
the English language) is independent of the size and material of the reference objects,
yet context in which a specific relationship occurs is essential for the selection of the
correct terms [Talmy 1983].

Various formal approaches have been proposed. One such formalism uses the prim-
itives distance and direction in combination with the logical connectors AND, OR,
and NOT [Peuquet 1986].. This derivation of topology from metric is conceptually
doubtful and leads to implementation problems in computers due to the finiteness of
the underlying number system {Franklin 1984] [Egenhofer 1989]. A definition of topo-
logical relationships in terms of set operations upon point-sets attempts to describe
topological relationships [Giting 1988]; however, it does not distinguish between the
topologically distinct parts of point-sets. The point-set approach has been augmented
by the distinction of boundery and interior for some relationships [Pullar 1988a]. In
a mare systematical approach, the compatison of boundaties with boundaries and in-

teriors with interiors allows for the distinction of four topological relationships, still .

missing the distinction of some significantly different situations [Wagner 1988].

This paper presents a comprehensive theory for binary topological relationships
between n-dimensional spatial objects embedded in an n-dimensional space. The clas- |
sification of topological relationships is based upon the comparison of all possible .

combinations of boundaries and interiors of two objects. This approach uses purely

- topological means to distinguish-different topological relationships and provides com-
plete coverage, i.e., any possible constellation between two spatial objects is described
by exactly one of the sixteen relationships identified. The previous presentation of
relationships between 1-dimensional intervals [Pullar 1988b] is a special case within
this framework.

The remainder of -this paper is organized as follows: in the next section, differ-
ent types of spatial relationships are discussed, focussing on topological relationships.
Then point-sets are introduced as the underlying model for spatial objects to in-
vestigate topological relationships between them. Section 3 presents our theory of
binary topological relationships between point-sets in terms of the intersections of
their boundaries and interiors. The subsequent investigations provide an answer to
the question “Which relationships can be realized in a two-dimensional space?” and

- show. geometric interpretations. Finally, the conclusions in section 4.

2 Spatial Relationships

2.1 A Classification of Spatial Relationships

The en_tire domain of spatial relationships is too complex and diverse to be treated by
a single method in a single attempt. |t appears rather favorable to define a framework
within which the existence of relationships can be investigated, The identification of
similar relationships and the discrimination of dissimilar ones will be supported from
.. the foundation upon mathematical principles of such an approach.

A helpful approach is the categorization of spatal refationships according te dif-
ferent spatial concepts on which they rely. The following classification distinguishes
“three fundamental types of relationships, the properties of which correspond to the
_ three fundamental mathematical concepts fopalogy, orier, and algebra.! It appears

natural for each category to develop independent formalisms describing the relation-
ships [Pullar 1888b] [Kainz 1989} '

¢ Topological. relationships are invariant under topological transformations, such
as translation, scaling, and rotation. Examples are concepts like neighbor and
disjoint. '

» Spatial order relationships rely upon the definition of order or strict order. In
general, each order relation has a converse relationship, For example, behind is
a spatial order relation based upon the order of preferene: [Freeman 1975] with
the converse relationship in_front,

"This classification is not complete since #t does not consider fuz:y relationships, such as clise
and peri-iv [Robinson 1987, or relationships which are expressions about the motion of one or several
“ objects, such as fhrongh and (nte [Talmy 1983]. These types of relationships are not fundamental and
rather combine several independent concepts. Motion, for example, can be seen as the combination of
_ spatiaf and temporal aspects. '




o Metric relationships exploit the existence of measurements, such as distances
and directions. For. instance, “within 5 miles from the interstate highway 1-95"
describes a corridor based upon a specific distance. :

2.2 Point-Set Topology

Topological notions include the concepts of continuity, closure, interior, and boundary,
which are defined in terms of neighborhood relations. In this context, topological
equivalence is considered a crucial criterion for the comparison of relationships among
objects. Topological properties often conflict with metric ones. |t is important to
keep in mind that topological equivalence does not preserve distances; therefore, the
subsequent investigations are based upon continuity which is described in terms of
coincidence and neighborhood. )

The data model for spatial regions is based on the classical point-set model and the
point-set topological notions of interior and boundary [Spanier 1966). The interior
of a point-set 1", denoted by ¥™°, is defined to be the union of all open sets that are
contained in . The eloaure of ¥, denoted by Y, is defined to be the intersection
of all closed sets that contain ¥'. The boundary of 17, denoted by JY, is then
the intersection of the closure of ¥” and the closure of the complement of 17, i.e,
M =TYnX-Y.

The concepts of separation and connectedness are crucial for establishing the forth-
coming topological spatial relationships between point-sets. Let 1" C X. A acpuration
of Y is a pair 4, B of subsets of .Y satisfying the three conditions A # b and B # #;
AUB=1;and INB =Pand AN B = . If there exists a separation of 1" then
Y is said to be disconnected, otherwise 1™ is said to be counnected. A region is then
a non-empty connected set X in R’

The dimension of the space be defined as the number of independent vectors which
are the base elements of the corresponding vectar space. Examples of 1-dimensional
spaces are a ling, the border of a circle, and its topological images; common 2-
dimensional spaces are the open and the closed disks, and their topological images.
An important property of an n-dimensional space is that it may embed elements of
dimension at most-n. This property gives rise to the definition of the dimension of
an object. An object has the same dimension n as its embedding space if the object
exists in this space, but there is no homeomorphic mapping for the object into a space
of dimension n-1. A region, for instance, exists in a two-dimensional space and there
is no homeomorphic mapping which may transform a région into a one-dimensienal
space. Hence, a region is of dimension 2. The standard definitions are: a node is of
dimension 0, an edge of dimension 1, a region of dimension 2, etc.

The codimenasion defines the difference betwsen the dimension of the embedding
space and the dimension of an object. For example, codimension 1 for a _region
describes that it is located in a 3-dimensional space. The above definitions imply that
the codimension can be never less than Zero, and s zera if and only if the object and
the space are of the samé dimension.

3 A Theory of Topological Relationships

First, a framework for the definition of binary topological relationships will be intro-
duced, consisting of the intersections of boundary and interior of the two objects to be
compared. The intersections are analyzed according to their content (i.e,, empty or
non-empty) which teads to sixteen different specifications for topological relationships.
The investigations of the existence of the sixteen relationships demonstrate that only
nine oceur between two n-dimensional objects with codimension 0. A subset of eight
relationships can be identified if the boundary of each object is connected.

3.1 Hypothesis

Definition 1 The topelogical relationship It between fwo spatial objects ol, o2 dx
based wpon the comparizon of the intersections of the boundary and interior of ol
with the object parts of 02,

Boundary and interior can be combined to form the four fundamental criteria of
spatial relationships. These are: (1) common boundary parts as the intersection of
boundary, denoted by 83, (2) common intericr parts {°°), {3) boundary as part of the
interior (&°), and (4) interior as part of the boundary (°@). Subsequently, 9 and °°
will be referred to as the two corresponding intersections, and 0° and °0 as the twe
opposite intersections,

Different topological relationships may be identified by comparing fopological in-
variants of the intersections. Topological invariants are properties which are preserved
under topological transformations. :

D.eﬂnition 2 Topological wnvariants of the intersections of the object parts char-
acterize the topolagical relationship betwesn the objects.

{n this context, the following topological invariants are considered:

¢ the content (i.e., emptiness or non-emptiness) of the intersection;

¢ the number of separate boundary intersections; and

¢ the dimension of the intersection,

The content of the intersections is selected as the fundamental criterion for topological
relationships because

o it describes a closed set of relationships with complete coverage; and

o more detailed relationship ¢an be considered a subset of it.

'V\:Ii-th t‘he bi\nar.y values empty ({1} and non-empty (—#} a total of sixteen different
specifications is given which provide the basis for the formal definition of the spatial
relationships (table 1).
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Table 1: The sixteen specifications of binary tepological relationships based upon the
criteria of empty and non-empty intersections of boundaries and interiors.

3.2 Existence of Relationships

The targets in this paper are those 2-dimensional objects that are homeomorphic
images to connected point-sets with non-empty interiors and connected boundaries.
They will be referred to as regions.

Mot all sixteen specifications exist between twao regions with codimension zero. The
proof has two parts both eliminating a set of relationships due to a condition among
the intersections.

Lemma 1 The reletionships ry. v5. 75, To. Tig, and 713 do not exist between two

regions with codimension 0.

Prool: Any point in the interior of a region must have a 2-cefl surrounding it whic.h
is also contained within the object. Any two 2-cefls surrounding a point must contain
2 2-cell containing the point in their intersection and any point on the boundary of an
object must be arbitrarily close to some point in the interior. Thus if X is a point in
84 1 B°, then there is another point ¥, close to .Y, in A4° 1 B°. This proves that if
the boundary of a region 4 intersects the interior of another region B, then there i is a
point interior to both. In terms of the four intersections, i at least one of the opposite
intersections is non-empty, then the intersection of both interiors must be non-empty
as well. This theorem eliminates the relationships ry, 5, s, fy, ry2, and rig which
have empty interior-interior intersections and at least one of the boundary-interior and

interior-boundary intersections is empty as well.

Lenuma 2 The reletionships ry and ryy do not cn'rf befwct’:rr two regions unth codi-
mension .

Proof: This proof is based upon the Jordan-Brower.separation theorem [Spanier 1966]:

A I-apkere, cmbedded in Buclidean 2-space. scparutes that space into two

regions. The sphere is then fhe common boundary of the two separated
PEFIONS.

For any region it holds true that if the boundaries of two regions in 2-dimensiconal
space are disjoint, then the interiors are either disjoint or one point-set is completely
contatned within the interior of the other, In terms of the four intersections, if the
boundary intersection is empty, then either all other intersections are empty as well;
or the interior intersection and one of the two boundary-interior intersections are non-
empty as well. This restriction eliminates five of the eight specifications with an empty
boundary intersection, namely r,, ry, rs, 1,2, and ry,. [}

As a result, only the eight relationships 1, r,, rg, Py P20 Tioe Tiis and r1s exist
between two spatial regions with codimension zero.?

3.3 A G_eometric Interpretation

A geometric interpretation of the abstract definition will be given below. The interpre-
‘tations refers to prototype relationships presented for regions with codimension 0. It is
not a matter of the definition of terms for the relationships—a systematic terminology
“to ... 115 would provide the same service. Nevertheless, it is felt that meaningful names
‘|mprove the understanding of the abstract deﬁmtlons of the relatlonshlps

-Deﬁllltmll 3 If all four interscctions ameng all object parts are cmpty. then the
tae objeets are disjoint (figure la).

Disjoint is linear, such that two objects are either disjoint or they are not. The
‘specification for not.disjaint follows immediately from the definition above.

Definition 4 If the intersection botween the dounduries s not empty. wheveas oll
other 3 intersechions are emply. then the two objects meet (figure 1b).

The nature of meet is such that it only matters that the two objects share at least
a common part of the boundary.

Definition 5 Two objects overlap if they have common boundarics gnd fnferiors.
and the boundarics have commeon paris with the epposite inferiors (figure 1c).

*Hf theboundary of a region need not be connected. i.c., the object may have holes, then r;4 would
be a_possible topological relationships [Egenhofer 1950].




Definition 6 An object A covers another object B if both ebjects share common
bonndaries and interiors; B s interior interavcts with the boundary of A: and none
of A's intevior i part of B« boundary.

Clovers has a converse relationship covercd_by which has the reverse definition of
the boundary-interior initersections (figure 1d),

Definition T An ebject A s iuside of another object B of (1) A‘ il B shﬂ:-‘l‘fi
common inderiors, but not bowndaries. (2) 4w boundary ava,#urs.cr:f..a with the interior
of B. and (§) nene of B's boundary coincides with 4 s interier,

Like cowcrs, inside has a converse relationship, called contains, with corre.spondl‘ng
specifications which are the same except for the reverse opposite intersections (fig-
ure le).

Definjtion 8 Two aljecis ere equal if both interseetions of houndary and interior
are net emply while the two boundary-interior dntersections are emply (figure 11}
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Figure 1. Examples of the relationships between two regions in a 2-dimensional space.

3.4 Dimensions of the Intersections

More details about topological relationships may be expres?ed by c0n'5|dermg f:)ther
topological invariants in addition to the emptiness/non-emptiness of Obje(.:t part m_ter-
sections. Here, it will be investigated how the dimcnsion of the .boundary intersections
allows for the definition of more detailed topological reiationshlps: _

The dimension of the boundary is defined as the largest dimension c.>f all f‘aces. The
dimension of the intersection of two boundaries is then th}z Iarge'st .dlmensmtl: of the
faces being part of the intersection. This gives rise 1o the differentiation of various fie-
tailed definitions for muet, overlap, and covers/covered by based upon the dimension

of the commeon boundaries. The other relationships are excluded from this considera-
tion because they have empty boundary intersections {disjoint, tnaide/contains),
Two n-dimensional objects can meet, overlap, and cover/be covered_by in n differ-
ent ways. These detailed relationships can be distinguished according to the dimen-
sion p of the common boundary, and are called p-meet, p-overlap, and p-cover/p-
coverved_by. For example, the common boundary of two regions can be of dimension
1 if they share one or several 1-faces. Then the relationship is called 1-meef. The
second mert relationship in 2-D, ¢-mecet, requires that the dimension of the common
boundary is (} {i.e., the common bounding parts are only nodes). Figure 2 shows

examples.of the differences between the 0- and L-relationships for meet, overlep, and
e,

(a) O-meet % (b} 1-meet = O—OV(-:(:;gp

i

R
(d) 1-overlap

" {e) O-cover

Figure 2: Examples of the detailed relationships between regions in 2-D considering
different dimensions in the boundary intersections.

4  Conclusion

A formalism for the definition of topological relationships has been presented. It is
based upon purely topelogical properties and thus independent of the existence of
a distance function. The topological relationships are described by the commonal-
ity of boundary and interior with the binary values empty and non-empty for these
intersections, which gives rise to sixteen mutually excluding specifications.

The investigation of the relationships was restricted to those which yield between
two spatial regions in a two-dimensional space. Fight of the sixteen relationships
do not exist under this restriction. The remaining eight relationships serve as the
framework for more detailed topological relationships (table 2). It can be extended
by considering further topological invariants, such as the dimension of the boundary
intersections or the number of separate boundary intersections.
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1 | covers —-f | -# P |-
r; | overfap R R s B

Table 2: The eight specifications of topological relationships between two spatial
regions in 2-D.

Compared to the results of previous investigations of the refationships bet\;veelr;gg;::
dimensional, connected objects in 1-D [Pullar 1988b], .almolst the samei set ?t;ZiS.Oint
ships exists. The only difference is that in 1-D the re'lat.lonshlp s ove}: afp W:'lggg] Jon_
boundaries, exists ahd »,; does not, while in 2.~D this is re_verse_[Egen. ofer ter.than
going work investigates the application of this theqry for. codlmer-::ons g;:za e thar
zero and to describing the relationships between spatial objects of different dim .
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